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Abstract

We investigated the quantum states of a free electron with time-dependent
effective mass subjected to a time-dependent magnetic field by solving the
Schrodinger equation under the choice of Landau and symmetric gauges. Using
the invariant operator and unitary transformation methods together, we derived
exact wavefunctions of the system. The wavefunctions rely on the solution
of associated classical dynamical systems. We confirmed that the quantum
analysis of the system under the two gauges coincides mutually.

1. Introduction

The study of quantum systems with time-dependent masses [1-4] as well as with position-
dependent masses [5—9] has been a widespread subject and may be applied to various branches
of physics. For instance, Colegrave et al used them to investigate the field intensities in a
Fabry—Perot cavity [10] and they suggested possible applications to solid state physics and
quantum field theory [11]. Remaud et al [12] found that a varying mass parameter offers a
means of simulating an input or removal of energy from the system. They remark that, if energy
is supplied to an oscillator in a periodic cycle of time, the resulting dynamics can be described
by a function of periodic mass. The wavefunctions, uncertainty relations and propagators are
obtained for the harmonic oscillator with an exponentially decaying mass [13]. The exact
quantum theory of a pendulum with a linearly decreasing mass was constructed [14]. In any
system, the charged particles, such as electrons or holes, may interact with the circumference
or various excitations such as temperature [15], pressure [16], stress [17] and energy [18],
resulting in modifications to the effective masses. If the environment changes as time goes by,
the effective masses may naturally vary, depending on time. When the external field changes
randomly, the electron effective mass in the heterojunctions and solid solutions may be varied
in a random fashion according to the fluctuation of the composition of the system [19].

One of the most powerful methods to solve the time-dependent quantum systems is the
invariant operator method that was introduced initially by Lewis [20, 21]. We will use the
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invariant operator and unitary transformation methods together in order to investigate the
exact quantum state of the system. The key idea in solving the harmonic oscillator with time-
dependent mass is that the solution (wavefunction) of the Schrodinger equation for a time-
dependent Hamiltonian system is the same as the eigenstate of the corresponding invariant
operator, except for some time-dependent phase factor [22].

The quantum state of an electron moving in a two-dimensional plane with constant effective
mass has been investigated in [23]. We will do the same for the system that replaced the ordinary
effective mass with a time-dependent effective mass. Although many actual dynamical systems
have been solved approximately using perturbation theory [24—26], we will confine our concern
with the investigation of the exact quantum theory of the system. In most of the cases, the
evolution of the time-dependent systems are periodic. Our discussion in this paper can be
applied to quadratic Hamiltonian systems with random time dependence as well as time-
periodic ones. Hagedorn et al [27] studied the relation between the classical and quantum
motions associated with time-dependent quadratic Hamiltonians. The wavefunctions rely on
the solution of the associated classical dynamical systems.

2. Quantum electronic structure with the choice of Landau gauge

We consider a free electron subject to a time-dependent vector potential A(¢) in a two-
dimensional plane with a time-dependent effective mass, m*(¢). This system can be described
by the following Hamiltonian:

H= p— e AN, 2.1

Ty B~ AW @1

where —e is the charge of the electron. The magnetic field can be written in terms of A(¢) as
B(t) =V x A(t). (2.2)

We are free to choose the gauge, since the gauge transformation has no effect on any physical
result. With the choice of Landau gauge, we can write the vector potential as

A(t) = (0, B(1)x, 0). (2.3)

Then, equation (2.1) becomes the Hamiltonian of the one-dimensional time-dependent
harmonic oscillator [23]:

H=

o d> 1
prw— (@ + d_y) + 5m*(t)a)f.(t)[;e - AT, (2.4)

where A(¢) and w.(t) are given by

At) = %k,,, (2.5)
210!
we(t) = et (2.6)

In equation (2.5), k, is the wavenumber in the § direction. We impose periodic boundary
conditions along the y direction over a distance L:

wn(i»f’»t)an(fs)A""L»t)» (27)
Then, k, is given by

kg =2, g=0,+1,42, .. .. 2.8)
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The Hamiltonian, equation (2.4), can be separated into X and y components as

H=H.,+H, (2.9)
where
. n? dr o1
H, =— — +—m* [ — ADT?, 2.10
I ) 4R 7 ), (1)[x ()] (2.10)
. 2 g2
H, = 2.11)

2me (1) 4§
Equation (2.10) is the same as that of a time-dependent harmonic oscillator centred at A(z),

while equation (2.11) is the same as that of a time-dependent free particle.
We can write the whole Schrodinger equation of the system as

A AN IT))
at

The wavefunctions must be separable into x and y components. We therefore suppose that the
wavefunctions can be expressed in the form

VX, 9, 1) = u, (X, Hv(P). (2.13)

Note that, in equation (2.13), we tied the time variable to the coordinate X. By substituting
equations (2.9) and (2.13) into equation (2.12), we find that

= Hy, (R, 9, 1). (2.12)

n? d*u(p) _om*@t) Qun(x, 1) n? o QCuu(x, 1)
= —1 —
2u(y) dy? upy(X,1) 0t 2u,(%,1)  dx?
+ ImP (O (OF — AP = =&, (2.14)

where &, is the separation constant with the dimension of energy times mass. Then,
equation (2.14) can be reexpressed with X and $ components separately:

@ duy (X, 1)

81‘ ZH;()?’ ﬁ)ﬁt)un(-fvt)a (2'15)
v 28, .
dy? +h_2”(y) =0, 210
where
H. (R, px, 1) = b + lm*(z)aﬂ.(z)[;ez —2A(NX + A*(D)] + & ) (2.17)
x 2m*(1) 2 ¢ m*(t)

The normalized solution of equation (2.16) is given by
1
v(P) = — exp(ik,y) (2.18)
ﬁ p q

and the relation between k, and E, is
2&,
-
To solve the X component of the Schrodinger equation, we introduce the invariant operator,
1, (1), that can be written as

fx(t) = Ol(t)[ﬁx - px,p(t)]2 + ,3(1‘){[)% - xp(t)][ﬁx - px,p(t)] + [ﬁx - p)c,p(t)][)2 - xp(t)]}
+y (O — xp(0O], (2.20)

ky = (2.19)
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where the time-dependent coefficients «(¢), B(¢) and y (f) must be determined afterward and
xp(7) and p, ,(7) are particular solutions of the classical equation of motion for the X component
in coordinate and momentum space, respectively. They satisfy the following relations:

) 1

Xp(t) = m*—(t)px,p(t)v (2.21)

Prp(®) = —m* ()] () [xp(1) — AD)]. (2.22)
Because of its definition, the invariant operator must satisfy the relation

di.(0) L) 1

—[I.(t), H]=0. 2.23
dr ar i@ 29
By substituting equations (2.17) and (2.20) into (2.23), we can derive «(f) — y () as
a(t) = cipi(t) + c2p2 (1), (2.24)
B(t) = —m*()[c1p+(1) p+ (1) + c2p- (1) p— (D], (2.25)
y(0) = mOle1p7(0) + c2p2 (0], (2.26)
where p. (t) are the two independent classical solutions of the following differential equation:
m*(t
P+ D (1) + R )pi (1) = 0. 2.27)
m*(t)

To derive the eigenstate of the invariant operator, we introduce the unitary operator U as

U = U,0,0,, (2.28)
where
U, = exp(%xpﬁx) exp(—%px,p)?) (2.29)
N iB .,
U, = — , 2.30
S o
0, = exp{ é(fﬁx ) 1n[2am*(0)]}. 2.31)
Then, we can transformation equation (2.20) with (2.28) into a very simple form:
A Aa AL P> 1
[ =ULU = "=+ —m*(0)w?%?, (2.32)
2m*(0) 2
where o is a constant given by the relation
o =4y — B°) = dercm™ (1) (psp- — prp-)’. (2.33)
The eigenvalue equation of f . can be written as
LR, 1) = g2, 1) (2.34)

Since equation (2.32) is just the same as the Hamiltonian of a simple harmonic oscillator, we
can easily identify ¢/ (X, 7) as

R . m*(Ow 1 m*(O)w , _m*(O)a) 2
¢, (x, 1) = - \/WH,[ (,/ . x> exp( 7 X ), (2.35)

where H,, is an nth-order Hermite polynomial and A, is

A =ho(n+3), n=0,1,2,.... (2.36)
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The eigenstate of an untransformed invariant operator, fx, can be derived from
Pu(E, 1) = U'g) (3. 1). (2.37)

Making use of equation (2.28) with (2.35), we can calculate equation (2.37) as

AN 4 @ 1 I DN i .
Pn(x, 1) = Sahin o ﬁ(x — Xp) eXp(an,px>
l (0 . R
X exp[—ﬂ<5 + 1ﬁ> (x — xp)2:|. (2.38)

The wavefunctions of the * component, u, (%, ¢), differs from the eigenstate of the invariant
operator only by some time-dependent phase factor, §, (¢) [22]:

u, (X, 1) = ¢ (%, 1) expl[is, (1)]. (2.39)

The phase factor can be derived by substituting equation (2.39) into (2.15) as

1 ! 1 / 1 ! / / / / /
(Sn(t) = —Cz)(ﬂ + 5) /0 m de’ — ﬁ/o Hx’p(xp(t ), px,p(t ), t )dt s (240)

where

Pip® | O 2 2 &y
20 + 2m (l‘)a)c(l‘)[xp(l‘) —2AM)xp(t) + AT ()] + o

(2.41)

H;,p(xp(t)’ Pxp(0), 1) =

Thus, the full wavefunctions can be described exactly in terms of equations (2.13), (2.18)
and (2.39) with (2.38) and (2.40).

Now, let us investigate a special case: that described by a constant angular frequency €2
so that the motion is periodic:

w.(t) = Q(= constant). (2.42)
The time-dependent effective mass is given by
m*(t) = m +moe™' (2.43)

where m, mo and « are real constants with the condition m > mg. Then, equation (2.27)
becomes

Pa(t) = e pa(r) + @ pi(r) = 0. (2.44)
The classical solutions of equation (2.44) can be derived as

p+(1) =eiQ’1F1<i79,l+—,——e ) (2.45)
(2.46)

p-(t) = eiQ’1F1<——, l—— -

where | Fy(a; b; Z) is the Kummer confluent hypergeometric function [28]. In terms of
equations (2.45) and (2.46), the wavefunction equation (2.39) can be explicitly represented.
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3. Quantum state of electrons with the choice of symmetric gauge

None of the gauge transformations will affect the physical quantities. We will do the same
thing as in the previous section by choosing a symmetric gauge which can be expressed by the

following vector potential [23]:
B(t),. B(t
A(t) = (—#f}, #)&0). 3.1)

The Hamiltonian corresponding to equation (3.1) is

AG bt poD) 1 s, eBO) 2+ . eB@). 2+A2
X, Xy )V s = T < X - A - X
Pxs 9. Py s | |2 5V Py 5 p:

72 d2 a2 a2 1
_ <_ _> b o (OO +5)

— +—+
2m*(t)\dx2 " d32 " dz2) " 8
1 n Aaa

- Ewc(t)(xpy — YDx)- (3.2)

The Schridinger equation related to { can be written as

8 n.nv-)eaAv%at 7 A A A

R Y (33)
We can transform equation (3.3) with some unitary operator Vo

PN 3V

H =V, AV, —inVy ! 8—: (3.4)
We choose \70 in the form

. i . . . A

Vo = exp _ﬁ(ypx —Xxpy) | (3.5)
where ¢ is given by

1
p= / () dr’ +36. (3.6)

In the above equation, § is the integral constant. Then, the transformed Hamiltonian can be
calculated as

~

/ [ PPCRNPCEPCI 20082, a2
H = 0 (py+ Py + o)+ gm*(t)a)c O E+3). 3.7

Let us write the Schrodinger equation related to H' as

L oY (R,9,2,1)
/A

py = ﬂ/l/,’/wn}_ (x,9,2,0). (3.8)
The solutions of the above equation are derived by separating variables:
w,/lxynv(f, 9,2,t) = u;x,ny()?, 3, OV (Z). (3.9)
Then, using the same method as in the previous section, we can separate variables as
ul, o, (X, 9,1) N
lh"-"’”ait =M, (X, px, 9, Py t)u:%ny(x, 3, 1), (3.10)
') 28 .
—— +—5 V(@) =0, 3.11
R G.11)
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where 7:(;” (%, Px, ¥, Dy, 1) is given by

F Gy Bo e Pyl = ——— (524 P2+ o (D2 + ) + % (3.12)
Xy sy Pxs Vs pyv = 2m*(t) px py 8 ¢ y m*([) .

The corresponding solution of equation (3.11) can be written as
1
V'(2) = —= exp(ik, 2). (3.13)
N

where &, is given by

, 2&,
k=72 (3.14)

Let us denote the invariant operator related to equation (3.12) as IAxy (1), and assume its trial

form as

Ly (1) = a1 (1) p2 + Br(1)(E px + prf) + 1 (DR + aa () P2+ Bo(D) (P py + PyP) +12(D) 7,
3.15)

where the coefficients «; (¢), B;(¢) and y;(t) (i = 1, 2) must be determined afterward. Then, it
satisfies the relation given by

dlgt(t) _ Bl)gwt(t) + %[ixy(t)a ﬂ;y] —0 (3.16)
By substituting equations (3.12) and (3.15) into (3.16), we can easily derive o; (f) — y;(t) as
a1 (1) = cx1pyp, (1) + caapy_ (1), (3.17)
Bi(t) = —m* (O)[cx1 s (1) s (1) + Cx2 pr (1) px— (D], (3.18)
Y1) = m(@)[ca L, (1) + copi_ (D], (3.19)
@ (t) = cy1p5, (1) + cy0p05_ (1), (3.20)
Ba(t) = —m* () [cy1pys (1) Pys (1) + Cyopy— (1) py— (D], (3.21)
ya(t) = m** ()ey1 05, (1) + cyopl_ (1], (3.22)

where p,+(f) and p,+(¢) are the two independent real classical solutions of the following
differential equation:

i () w; (1)

Prt (1) + ) P (1) + 1 px+(1) =0, (3.23)

i () w; (1)

Pra(0) 4 SO+ = 1a(0) = 0. (3.24)
To derive the eigenstate of the invariant operator, let us transform equation (3.15) as

I, =VIiyVT, (3.25)
where the unitary operator V is given by

V=WV, (3.26)
with
Vi = exp(zlfllh)?z) exp(zlfjh )32), (3.27)

A i R . i A .
V), = exp{E(xpx + pX) In[2aym (0)]} exp{ﬁ(ypy + pyy) In[200m (0)]}. (3.28)
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Then, the transformed invariant operator can be written simply as

A, 1 A2 ~2 1 2A2 242

Ly = Sy P+ P+ 3 O(@1F + 025, (3.29)
where a)% and a)g are constants given by the relation

o} = 41y — ) = dcxicaam™ () (Pxe ba— — Prepr-)’ (3.30)

03 = 42y = B7) = deyicyom™ () (yhy- = Pyepy-)*. (3.31)

The eigenvalue equation of I ;y can be written as

Ly 0 B9, 0 = dn @, (R, 9,0 (3.32)

Since equation (3.29) is just the same as the Hamiltonian of a simple harmonic oscillator, we
can easily identify ¢;x,n,, (x,9,1) as

* 12 1 "
B 0 G 9.1 = ) O eiws) H, \/Wx
xolty h]‘[ 2nx+n‘,nx!ny! 2 h
* *
: H( @9 ) P <_m27(aO) (“)lfzmzﬁz)) (3.33)

neny = M1 + 1) + R (ny + 1), Ny =0,1,2, ... (3.34)

and A, , as

The eigenstate of the untransformed invariant operator, IAxy, can be derived from

Guon, (£, 5,00 = V¢ (R, 5,1 (3.33)

Using equation (3.26), the above equation can be calculated as

S Gr50) (w1)!7? 1 H ®1 o\ gy .
ey, (X5 Vs = n — X ny
oy (0 Y 2 (@ien) 2 St "\ 2a0m AV 200n”

Lo ip)ie L (2 4ip,)52 (3.36)
x exp| ———| — +iBy )x* — — | = +1i . .
P72 n\2 77 20on\ 2 T1P2)Y
The wavefunctions of the x and § components, ”;,r,n, (%, y, 1), differ from the eigenstates of
the invariant operator only by some time-dependent phase factor, 6, ,,(¢) [22]:

Uy (X 9,0) = Pu o, (R, 3, 1) explid, u, ()]. (3.37)
By substituting equation (3.37) into (3.10), we can easily derive the phase factor as

1 ! 1 , 1 ! 1 ,
6nx,ny(l‘) = —wi (”x + 5) /(; m dt’ — wy (”ly + 5) /(; m dr’. (3.38)

The wavefunctions of the system in a symmetric gauge can be calculated from
Yo, &, 9.2.0) = Vo, , (R.5.2.0). (3.39)
Using equations (3.5) and (3.9) with (3.13) and (3.37), the above equation can be written as

¥ G 5.2.0) = ¢ ()% v £ [is O E) (w1wy) /2 1
ne,ny Xy Yy 2 = ®n,.n, I & EXpl10y. .1, v —
SR o PUOnen; : 2nm L(eyon) /2 /240 In )
w1 =~ wr A
x H,, —X |H,, —Y
A( 2011 ) ‘(V 2000 )
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X € : @ +ip X2 ] “2 +ip 72
xp| — — +i — —
Pl oam\ 2 P 2en\ 2 T2
(k' 2) ' , / t : dr’
X i - ~ _
exp(ik,2) exp| —iwi | n:+ 5 2 ()

1\ [ 1
SRV N By . — T 3.40
1@ (”’ * 2) /0 Qe ym* (1)) (3.40)

<¥>=(°OS% _Sin%)(’f). (3.41)
Y sin% cos% y

In the calculation of equation (3.40), we used the identity given by

where

0 d
exp[go()?g _£3_§>:|f()2’ y) = f(Xcosg + ysing, —X sing + y cos ). (3.42)

4. Summary and discussion

We used the dynamical invariant method to obtain quantum solutions of an electron moving
under vector potential with time-dependent effective mass. With the choice of the Landau
gauge, the Schrédinger equation is reduced to that of a one-dimensional time-dependent
harmonic oscillator. The invariant operator can be expressed in terms of classical particle
solutions, xj, and p, ,, of the equation of motion.

We also derived quantum solutions for the choice of the symmetric gauge given in
equation (3.1). If we consider the revolving motion of an election in the x—y plane under
this gauge, the excitations and frequencies of * and § components are naturally the same as
each other:

ny = n, = ny, 4.1

w] = wr = wy. 4.2)
Then, equation (3.34) can be rewritten as

Anon, = 2hawo(ng + 3). 4.3)
By comparing equations (2.17) and (3.12), we can confirm that the frequency in the symmetric
gauge is half of that in the Landau gauge:

wy = 3. (4.4)

Therefore, equation (4.3) exactly reduces to equation (2.36) which is obtained under the Landau
gauge.
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